PHYSICAL REVIEW MATERIALS 10, 045603 (2026)

Glassy polymers’ strain-hardening moduli scale with their statistical-segment volumes
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Using molecular dynamics simulations, we show that a widely accepted theoretical prediction for glassy-
polymeric strain-hardening moduli (Gy  p,, where p, is the entanglement density) fails badly for semiflexible
polymers. By postulating that the length, energy, and strain scales controlling G are the Kuhn length £x and
statistical-segment length b = /€o€x (where £, is the backbone bond length), the intermonomer binding energy
up, and the incremental elastic strain S, required to activate Kuhn-segment-scale plastic rearrangements, we
develop a scaling theory predicting that Gg = S.(u/€3)(b/€o)* in the athermal limit. This prediction agrees
quantitatively with the simulated G values for athermal uniaxial-stress extension, and semiquantitatively with
the values for athermal constant-volume simple shear, for bead-spring polymer glasses spanning a range of £« /£,

that is wider than the range spanned by real systems.
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I. INTRODUCTION

Understanding glassy-polymeric strain hardening has been
a long-standing challenge. Early efforts [1] focused on
the observation that the normal-stress difference at strains
well beyond yield takes the form Ao (X) ~ opow + Grg(R),
where ogow is the plastic flow stress, G is the strain-
hardening modulus, and g(X) is a dimensionless function of
the macroscopic stretch tensor A. Rubber-elasticity-based the-
ories [2—4] assume that g(X) = 83/0X, where g(1) describes
the deformation-induced reduction in the configurational en-
tropy. These theories predict that Gg = (po/N kT = pkpT
where p is the monomer number density, N, is the entangle-
ment length, p, = p/N, is the entanglement density, and T is
temperature. They have many flaws that have been discussed
at great length in the literature; in particular, they dramatically
fail to predict both the magnitude and the temperature depen-
dence of glassy-polymeric Gy [5-9].

Haward pointed out [5] that fitting stress-strain curves for
various polymer glasses to Ao (A) > oqow + kT g(X) pro-
duces estimates of p, that are up to 2 orders of magnitude
larger than estimates obtained from independent measure-
ments of their parent melts’ plateau moduli G% (i.e., p, =
pgne“ =5 G?v /4kgTherr)- Noting that the same functional forms
g(X) dominate the large-strain response of hyperelastic (neo-
Hookean) materials [5], and that the prefactors C obtained
from plugging experimentally measured values of Gy into the
equation Gg = Cp™"kpT are strongly chemistry dependent
[6], he suggested that Gy is primarily determined by poly-
mer glasses’ local Kuhn-segment-scale structure rather than
by entanglements. Since then, a great deal of experimental
and theoretical work has supported the idea that strain hard-
ening is closely related to plastic flow and hence to local
inter- and intrasegmental interactions (see Refs. [10,11] for
recent reviews).

“Contact author: rshoy @usf.edu

2475-9953/2026/10(4)/045603(7)

045603-1

The idea that strain hardening is only secondarily re-
lated to entanglement, however, remains controversial. Van
Melick et al’s careful study of polystyrene-polypropylene
oxide (PS-PPO) blends and variably-crosslinked PS showed
that systems’ measured G were linearly proportional to p™!
[7]. Simulations of flexible polymer glasses also found that
Gr ~ pe =~ ,o;“e“ [12—15], and since there has (to date) been
little to no experimental evidence to contradict this notion,
it remains widely accepted. As a consequence, because a
simple theory that quantitatively relates Gy to microscopic-
structural parameters has remained elusive, it is tempting to
assume that Gg depends on these parameters in the same
way that G% does. For example, since the packing model
[16,17] asserts that G%€3/kgTmer ~ (Lx/p)® [where p =
(plolx)~" is the packing length] and correctly predicts the
G values for all flexible polymers [18], one could assume
that these polymers’ Gg ~ G ~ p~> ~ (plolx)*. This hy-
pothesis, however, has not been systematically investigated.
Experimental tests are impeded by the chemistry-dependent
C, and previous comprehensive simulations focusing on strain
hardening (e.g., Refs. [13—15]) have examined only a narrow
range of /.

Moreover, recent studies have shown that GR, ~ p’3 scal-
ing breaks down as fg/p increases into the semiflexible
regime where N, < 4C, (here Cy is the Flory characteristic
ratio) [19-22]. The semiflexible conjugated polymers (SCPs)
that populate this regime are currently attracting great in-
terest owing to their unique combination of electronic and
mechanical properties [22-27]. Recent molecular dynamics
simulations have suggested [28,29] that these polymers can
form ductile glasses, contrary to previous expectations [30].
However, their strain-hardening behavior has not yet been
systematically investigated, raising the question of whether
they obey the typical Gg ~ GR,  p, trend.

In this paper, by reanalyzing simulation data from
Ref. [29], we show that they do not. The linear Gy ~ p,
scaling breaks down as {g/p increases into the semiflexible
regime; in this regime, Gy is supralinear in p,. On the other
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hand, we find that—at least for uniaxial-stress extension—
Gr o (€x/€o)*? to within our statistical uncertainties on Gg
and £k, for both flexible and semiflexible polymer glasses. By
assuming (i) that these glasses act like neo-Hookean solids
[5,6], and (ii) that the range of their elastic intermonomer
interactions is b, or equivalently that their plastic rearrange-
ments mobilize a volume of order b°, we formulate a simple
scaling theory that predicts this 3/2 power law, and also the
prefactor Gy in the observed G = Go(£x /£o)*/? relationship
to within a factor of order one. In particular, we argue that

A = opow + Se(ut0/€3) (Lx /£0)**g (1)
= Ofiow + Se(0/€3) (b/€0)*g(A) (1

in the athermal limit, where S, is the incremental elastic strain
required to activate these rearrangements.

II. MODEL AND METHODS

All simulations were performed using LAMMPS [31], and
employed the semiflexible, breakable-bond variant of the
Kremer-Grest model [32—-34]. Monomers have mass m and
interact via the truncated and shifted Lennard-Jones potential
ULi(r) = 4uol(a/r)'* = (a/r)° — (a/re)* + (a/r.)°], where
ugy is the intermonomer binding energy, a is the monomer
diameter, and r, = 2"/%q is the cutoff radius. This value
of r., which is twice the distance at which Lennard-Jones
forces vanish (i.e., 2'/%a), is a convenient choice for r.
that includes monomers within the first two coordination
shells and has been used in several recent simulations of
glassy-polymer mechanics [28,29,35]. Previous studies
found that Gy increases linearly with opoy as 7. is
varied over the range 1.5 <r./a <2.6 [13]. Covalent
bonds are modeled using a standard quartic potential [34]
Upond(£) = kq(€ — Ry)*(£ — R, — B»). As in Refs. [28,29],
we set By = —0.4668a and k, =44318/a4; this sets the
length of unstretched covalent bonds to £y =~ 0.96a. Variable
chain stiffness is modeled using the standard potential
Uang(8) = kup[1 — cos(6)], where 6 is the angle between con-
secutive covalent-bond vectors and is zero for straight trimers.

All systems were equilibrated under standard melt condi-
tions (monomer number density ppe;r = 0.85/ @, temperature
Tett = 1.0ug/kp [32]) as described in Ref. [36]. Then they
were slowly cooled to 7 =0 (at zero pressure) as de-
scribed in Ref. [35]. After cooling, systems were subjected to
uniaxial-stress extension at a true strain rate € = 107> /. or
constant-volume simple shear at a strain rate y = 1075 /7y,
where 115 = /ma?/uy is the Lennard-Jones time unit [29].
Here we are focusing on the athermal (T — 0) limit to isolate
the dependence of Gg on chain stiffness from its depen-
dence on temperature. In general, Gg(x, T) >~ Gg(x, 0)[1 —
T /T,(x)], where T, is the glass transition temperature [7,13].

Under standard melt conditions, these polymers’ equilib-
rium Kuhn lengths are approximately [36]

Ly 2k +exp(—2«)—1

t  1—exp(=2k)(2k + 1)
+ 0.364(tanh[0.241x% — 1.73x +2.08]1 + 1), (2)

10

3.0
25

8t N 20
1.0

0.5
0.0

Ao

0 1 2 3 4
g(A)

FIG. 1. Stress-strain curves for athermal uniaxial-stress exten-

sion of Kremer-Grest glasses with 0.5 < « < 5.5. Colors vary from

purple to red with increasing k. The inset shows the Gy values

obtained by fitting these curves to Eq. (4) and a fit of results for
k < 2.0 to the expected linear scaling [7].

and their equilibrium entanglement lengths are [36]
N, (k) ~ 80.5 — 70.4 tanh (x /1.579). 3)

All systems contained 4 x 10° monomers and had chain
lengths N 2 20N,, so finite-system-size and finite-N cor-
rections to the results presented below should be minimal
[28,35]. The simulated systems spanned nearly the entire
range of positive « (0.5 < « < 5.5) for which melts re-
main isotropic under these conditions [33], and a range
of N,/Cx values (1 < N,/Cy < 28) that is wider than the
range spanned by real flexible and semiflexible polymer melts
[22,37]. Following standard procedure [13,30], we assume
that the glasses’ £x and N, values are inherited from their
parent melts and are given by Egs. (2) and (3). Thus their
entanglement densities are p, (k) = pg(k)/N,(k ), where pg(i)
are the monomer number densities at 7 = 0. All quantities
discussed below are expressed in dimensionless units.

III. RESULTS

Uniaxial stress-strain curves for all systems are shown in
Fig. 1. Lower-« systems have larger initial elastic moduli and
larger yield stresses owing to their more-efficient segmental
packing [35], but all systems have comparable stresses in the
plastic-flow regime. As deformation continues, all systems
exhibit a gradual crossover to standard “Gaussian” strain hard-
ening described by [1]

Ao (A) = ofiow + Grg(1); “

here A = exp(e¢) is the stretch along the tensile direction and
g(A) = A% — 1/1 [38]. Ateven larger strains (not shown here),
systems exhibit a crossover to nonlinear (Langevin [2,4])
strain hardening that becomes more dramatic with increasing
k. All of these stress-strain curves are qualitatively consistent
with those reported in previous comprehensive simulations
of glassy-polymeric strain hardening [13—15]; the only novel
aspect is that here they span a much wider range of « and
Lr /L.
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We estimate all systems’ Gg(k, 0) by fitting their stress-
strain curves to Eq. (4) over the range 2 < g(1) < 4. The
inset shows how the resulting Gg values vary with p, (k). As
expected [7,13], we find that Gy is linearly proportional to
p. for flexible polymer glasses. More specifically, we find
that Gg ~ ¢y + c1p. for systems with 0.5 < « < 2.0, and
that while ¢y and c; are both sensitive to the range of g(A)
used to estimate Gg, the overall result is robust. For larger
k, however, the expected Gg ~ p. scaling breaks down. Gg
continues to increase steadily with increasing «, whereas
dp./dx decreases steadily as N, (k) approaches its minimum
possible value (N™" ~ C,,) for systems lacking long-range
nematic order [20,21]. As a consequence, dGg/d p. increases
steadily and appears to diverge as k approaches its isotropic-
nematic transition value ki, (which is slightly above 5.5 for
the standard Kremer-Grest melt [33]). Notably, the range of «
for which the linear scaling fails (i.e., 2.5 < « < 5.5) corre-
sponds to the range 1 < N,/Cx < 4, i.e., the range of N, /Co
values corresponding to SCPs [21,22].

The observation that Gg is not always linearly proportional
to p,. is an additional piece of evidence that entanglements
only indirectly control strain hardening. One obvious can-
didate for the structural feature that does, in fact, directly
control it is Kuhn segments [6—11]. Flory’s definition of the
characteristic ratio is

. = (1 + (005(9)))<1 + (COS(W))) )
1 — (cos(@)) ) \ 1 — {cos(y))

where 1 is the dihedral angle formed by three consecutive
covalent-bond vectors. Co, = €x /£y in undeformed glasses,
but it can increase dramatically over the course of applied
deformation as (cos(#)) and (cos(yr)) evolve. It has long been
known that tensile plastic deformation in polymer glasses
occurs largely through irreversible dihedral transitions that
tend to increase {cos(y)) [9], and Ref. [29] showed that the
ratio Coo(1)/Cxo (1) closely tracks Ao (1) in the same systems
considered here.

Predicting how polymer glasses’ (cos(f)) and (cos(y))
evolve under applied deformation is very challenging, how-
ever, and therefore so is developing a Kuhn-segment-based
theory of strain hardening using this approach. The phe-
nomenological theory recently developed by Merlette et al.
[39,40] employs a closely related approach, attributing strain
hardening to the increasing free energy barriers for o re-
laxation that arise from the increasing local alignment of
Kuhn segments. However, this theory does not explicitly ad-
dress how Gy varies with £g /€y, and indeed it predicts that
the length scale controlling these free energy barriers (§ =
3-5 nm) is considerably larger than ¢x. While it does predict
that Gg scales approximately linearly with the “monomer”
volume @, it treats a as an adjustable parameter rather than
as a quantity that is precisely specified by polymer chemistry.

Another candidate for the controlling structure is statisti-
cal segments, which (unlike Kuhn segments) are effectively
rigid and hence lack dynamic internal variables like 6
and . Statistical segments are the “atoms” of Chen and
Schweizer’s microscopic-physics-based polymer nonlinear
Langevin equation (PNLE) theory of glassy polymer me-
chanics [41-43]. The PNLE predicts that strain hardening
is a consequence of increasingly anistropic single-chain and

intermolecular correlations that suppress long-wavelength
density fluctuations [as encoded in the low-g limit of the
static structure factor S(g)] and hence increase the instanta-
neous elastic shear modulus G. It predicts G ~ kgT /b® for
fixed S(q) and rio./b (Where 1o is the “localization length”),
but since both of these measures are strongly thermal- and
deformation-history dependent, it does not predict a simple
universal relationship between Gg and b.

Here we take an alternative approach that is much less
rigorous than those employed in Refs. [39-43], but allows
us to make such a prediction. Consider a semiflexible pearl-
necklace-like polymer where the monomer diameter and
covalent bond length are both ¢ and the intermonomer bind-
ing energy is up. Since statistical segments are effectively
rigid, it is reasonable to assume that the range of elastic
intermonomer interactions is of order b, and therefore that
the total elastic strain energy per monomer in a deformed
glass composed of these polymers scales as u(b/£y)>. The
associated energy density is £ ~ (uo/ﬁg)(b/€0)3. Then, as-
suming that these glasses act like neo-Hookean solids and
their strain energy density is U ~ £g(X) leads to a normal
stress difference Ao ~ £g(X) consistent with Gaussian strain
hardening, with Gg (uo/ﬁg)(b/£0)3 = (uo/ég)(éK/€0)3/2.

Obviously glassy polymers are not elastic solids; the ma-
jority of the work done in deforming them beyond their
yield points is dissipated as heat [44,45]. A simple interpre-
tation of the prediction Gy oc b that is consistent with this
experimental fact is that Gy is proportional to the number
of noncovalent intermonomer “bonds” (e.g., van der Waals
bonds) that must be “broken” for a Kuhn volume to plastically
rearrange via irreversible changes in its constituent chains’
{6} and {y/}. This interpretation is consistent with simulations
that have shown that the rate of noncovalent bond rearrang-
ments Rp scales with the dissipative component of Ao during
strain hardening [14,15]. In particular, these studies found that
Rp(X) =~ RI®™ + Rpg(1), and the variation of Rp with chain
stiffness tracks that of Gg. On the other hand, previous studies
[15,35,46] suggest that the breakdown of Gg ~ p, scaling is
also associated with energetic contributions to strain harden-
ing that increase faster than p, with increasing chain stiffness.
Preliminary analyses indicate that this is indeed the case for
our k 2 2.5 systems, but owing to the complicating factors
discussed in Sec. IV, further exploration of this possibility is
deferred to future work.

While the above arguments specify how Gy should scale
with b, they do not specify its magnitude. Inspired by
Frenkel’s classic yield criterion (ry = /5, where 1y is the
ideal strength of a material and w is its shear modulus [47])
as well as more recent work showing that metallic glasses’
Ty =~ ¥ (Where y. =~ 1/37.5 is a critical shear strain [48]),
we postulate that Gy = Sc(uo/€3) with . < Se < 1/5. Here
S, is the incremental elastic strain required to activate the
above-mentioned cooperative Kuhn-segment-scale plastic re-
arragements, and b? is the volume of the associated shear
transformation zones [49,50]. S. should be larger than y,
because polymer glasses’ yield strains are substantially larger
than those of metallic glasses [9]. In this picture, Eq. (1)
captures how the normal stress difference required to acti-
vate these rearrangements increases with large-scale chain
orientation. This could offer a particularly simple explanation
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FIG. 2. Scaled strain-hardening moduli Gg/(uy/¢3) for athermal
uniaxial-stress extension (colored symbols), and a fit of these data to
Gg = Sc(up/€0)>(€x /€o)** with S, = (8.36 £ 0.08) x 1072 (dashed
line). The upper and lower insets respectively show the fractional
errors associated with this fit and a plot of £k /£y Vs p,.

for why Gy values can be ~10% times larger than p.kgT
even for T that are relatively near to 7, [7,8]. Specifically,
Gr > p.kgT in these systems because the free energy density
that sets the magnitude of Gg is Se(uo/€3)(b/£o)* rather than
pekBT.

We now demonstrate that the above assumptions allow us
to formulate a theory that can quantitatively predict athermal
Gy values for the Kremer-Grest model. Figure 2 plots the
scaled moduli GRZS /up obtained from our molecular dynam-
ics simulations versus £ /fy. Remarkably, all data fall on
the line GRES/uo = 0.0836(Lx /£0)>? to within our estimated
statistical and systematic errors. The fractional deviations be-
tween the fit and measured values of Gy are all less than
6%, which is comparable to the deviations from the predicted
Lk () [Eq. (2)] reported in Ref. [36] and the dependence of
the ratios of different Gg on the range of g(}) used to fit
the stress-strain curves to Eq. (4). Moreover, the prefactor
(0.0836) lies well within our estimated range for S..

Are the theoretical arguments leading to Eq. (1) robust?
Constant-volume simple shear provides a more stringent test
because stresses are triaxial and include both tensile and
compressive components. As a consequence, systems exhibit
a greater tendency to deform inhomogeneously (via shear
banding [9,30]). For our deformation protocol [29,35], the
principal tensile and compressive stretches are respectively
M =Gyi+4+y)/2and 1y = (Vy2+4—y)/2, with as-

sociated principal stresses

012 = (O +02)/2 % [0y — 00 /4 + 02 (6)

The normal stress difference is Ao = o7 — 03, and Gaussian
strain hardening corresponds to

Ao (y) = ofiow + Grg(Y), (N

where g(y) = )»% — k% = y/4 + y2. Stress-strain curves for
all systems are shown in Fig. 3(a). k = 0.5 systems shear band
upon yielding as indicated by the long post-yield plateau in
their Ao, but all other systems exhibit a gradual crossover
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FIG. 3. Constant-volume simple-shear response for the systems
analyzed in Figs. 1 and 2. Panel (a) shows the stress-strain curves;
the inset schematically illustrates the principal stretch directions.
Panel (b) shows the G values obtained by fitting these curves to
Eq. (7) along with a fit to Gg = Go(£x/£o)*? scaling. The upper-left
inset shows the fractional errors associated with this fit, while the
lower-right inset shows a fit of the results for « < 2.0 to the expected
Gr ~ p, scaling [7].

to Gaussian hardening over the range 0.5 < g(y) < 2 that is
similar to that shown in Fig. 1.

If our theoretical picture is correct, we would expect to find
that Ao (y) = 0fiow + Se(uo/€3)(€x /€0)*?g(y ), where S can
differ from the value obtained above (owing to the different
strain geometry), but only by a factor of order one. Figure 3(b)
shows the Gy obtained by fitting these stress-strain curves to
Eq. (7) over the range 2 < g(y) < 3.5. Once again, the classic
Gr ~ p. scaling holds for flexible polymers but breaks down
for semiflexible polymers. For ¥ > 0.5, the hardening moduli
instead are (once again) roughly linear in 5°.

Fitting these moduli to Gg = Sc(uo/€3)(€x /Lo)** yields
Se >~ 0.127 £ 0.004, a value that is both within our estimated
range for S and within an O(1) factor of the value ob-
tained for uniaxial-stress tension. However, in contrast to the
unaxial-stress case, the agreement is only semiquantitative.
The rms fractional deviation between the fit and measured G
for k > 0.5 is 12.6%, which is five times larger than the cor-
responding deviation for uniaxial stress, and is too large to be
explained by the above-mentioned statistical and systematic
uncertainties in £x and Gg. Moreover, the deviations appear to
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increase (decrease) systematically with « forx < 3 (¢ = 4.5).
We expect that these trends arise from other factors that are
not captured by our simple model, e.g., the greater tendency
for heterogeneous deformation and earlier onset of Langevin
hardening in simple shear [4]. Nevertheless, Gz ~ (£x/£o)>/?
scaling clearly describes this dataset far better than Gg ~ p.
scaling does.

IV. DISCUSSION AND CONCLUSIONS

The lower-right inset in Fig. 2 shows that ¢x /£, (much
like Gg) increases linearly with p, for k < 2.0 but faster than
linearly for x 2 2.5. This suggests that the failure of Gg ~ p,
scaling can be physically interpreted as follows: Gg is actually
scaling with another quantity (specifically, ¢x/¢y) that itself
scales linearly with p, for flexible systems, and therefore the
Gr ~ p. scaling observed for these systems indicates correla-
tion rather than causation.

Van Melick et al.’s results for PS/PPO blends [7] are
consistent with this interpretation because the PPO weight
fraction fppo (which itself scales linearly with p,) con-
trols these systems’ average segment-scale structure and
interactions, and hence their effective ((uy/€y)3b%). Their
demonstration that Gg « (p. + px) in pure PS with a wide
range of cross-link densities p, is harder to rationalize since
these systems had nearly fixed b and ug, but it could also
be consistent with Eq. (1) if cross-links increase S. by sup-
pressing Kuhn-segment-scale plastic rearrangements. Such
increases would be consistent with their hypothesis that cross-
links increase Gy by reducing segmental mobility.

This interpretation is also naturally consistent with the
notion that entanglements play only an indirect role in control-
ling strain hardening, and specifically with the hypothesis that
by forcing chains to deform affinely on chemical length scales
n > N,, they make polymer glasses neo-Hookean. While this
idea was proposed long ago [5,6] and is assumed to be correct
in modern theories of glassy-polymer mechanics [39-43], it
had previously been difficult to demonstrate conclusively in
the absence of evidence that Gg  p, scaling is nonuniversal.
Violations of this scaling were previously reported only in
simulations of binary mixtures of long (N > N,) and short
(N <« N,) chains, which found that G was linear (while p,
was quadratic) in the long chains’ weight fraction f [51],
and the conclusions of that study have been criticized on the
grounds that such mixtures are brittle in experiments unless
1 — f <« 1[52,53].

In conclusion, we have shown in this paper that Gg x p,
scaling breaks down as N,/Cy decreases into the regime
corresponding to SCPs [22-27]. We have also taken a first
step towards improving our ability to theoretically predict
semiflexible polymer glasses’ strain-hardening response by
formulating a simple theory that can quantitatively predict the
Kremer-Grest bead-spring model’s athermal Gy values from
its statistical- and Kuhn-segment-scale structure and interac-
tions, over a range of N,/Co values (1 < N,/Coo < 28) that
is wider than the range spanned by real systems. This model,
despite its simplicity, has been convincingly shown to capture
many features of real polymer glasses’ nonlinear mechanical
response [11]. On the other hand, as detailed below, multiple
assumptions we made while developing the theory presented

above greatly oversimplify the structure and mechanics of real
polymer glasses, and multiple challenges must be overcome
before it can be fully validated at the microscopic level and/or
for a wider range of model polymers and testing conditions.

First, while it predicts that Gg = Sc(uo/€3)(b/o)*, here
we have only studied how Gy varies with b in a model with
fixed uy and £y. One seemingly obvious follow-up test would
be to study the variation of G with ug, but since i is the only
energy scale in athermal Kremer-Grest glasses, all stresses
necessarily scale linearly with uy and therefore so will Gg.
This observation raises a fundamental question: What will
happen in polymer glasses with an additional athermal energy
scale, e.g., the energy barrier for dihedral transitions? This
question is not addressed by any published theoretical model
and therefore remains open. Careful studies of strain harden-
ing in atomistic or united-atom-model semiflexible polymers
could provide answers, but fine-grained computational model-
ing of these polymers (many of which were synthesized only
within the past few years [22,26]) began only recently [54,55],
and it has not yet been applied to study their mechanical
properties in the glassy state.

Second, comparing it directly to experiments will require
both extrapolation of measured Gg(T') values to the T — 0
limit and accurate measurements of ug, £y, and b. Such data
is not yet readily available in the literature, but the above-
mentioned extrapolation might be assisted by extending the
theory to account for thermalization of the Kuhn-segment-
scale plastic rearrangements and hence to predict how Gg
depends on both 7" and strain rate [48]. Note, however, that the
lack of Gr(T') data for a wide range of polymer chemistries
at T <K Tioom similarly impedes full validation of competing
theories that already account for thermalization [39-43].

Third, it was only designed to treat single-component poly-
mer glasses with well-defined values of ug, £y, and b. A logical
follow-up test would be to study blends of flexible and semi-
flexible bead-spring polymers to determine whether their Gg
scale linearly with their ((u0/80)3 (b/Zo)3). Doing so would
mirror the experiments on PS-PPO blends by van Melick et al.
[7]. Unfortunately, methods for verifiably equilibrating such
blends have not yet been developed for chain lengths N > N,,
and doing so may present multiple challenges, including their
tendency to either macro- or microphase separate [56] at
T = Teiy or during slow cooling into the glassy state (like
that employed in our simulations).

Fourth, our implicit assumptions that elastic interactions
have a sharp cutoff at a distance b, and that breaking of nonco-
valent bonds and plastic rearrangements of Kuhn segments are
binary propositions, are, at best, oversimplifications. Stress
correlations during plastic deformation of 3D amorphous ma-
terials tend to decay cubically with distance [i.e., C3(r) =
(6 (70)5 (Fo + 7)) — (6(F)?) ~ (A/r)?, where brackets indi-
cate averaging over all 7y], and configurational measures of
local plastic deformation such as neighbor rearrangements
or locally nonaffine displacements decay similarly (see Refs.
[57,58] for recent reviews). In polymeric glasses, the asso-
ciated length scales (e.g., A) and the energy dissipated per
plastic event can depend on deformation geometry and can
increase as deformation proceeds, particularly for semiflexible
polymers exhibiting Langevin hardening [15,35,46]. Since the
theory of amorphous materials’ plastic deformation remains
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in a state of rapid development [59], there is not yet a consen-
sus on how to handle such complicating factors.

Fifth, our assertion that Gy values scale with a power
of the statistical-segment length remains questionable. Since
b= /lylx, Gg ~ b* scaling is formally equivalent to Gx ~
E;(/z scaling. Moreover, polymers continuously rather than
discretely stiffen as the examined length scale decreases, and
neither b nor €k are uniquely fundamental length scales for
real polymers in which the definition of a monomer can be
somewhat arbitrary. Here we have chosen to focus on sta-
tistical segments largely because (i) they are the “atoms” of
and are treated as rigid bodies in the highly successful PNLE
theory [41-43], and (ii) we recently showed that assuming
that Kuhn segments are composed of /Cy rigid statistical
segments allows one to predict that glassy polymers’ craze
extension ratio is A = (N,/+/Cx)'/? and hence that, contrary
to expectations based on Kramer’s classic prediction A =
(N, /Coo)l/ 2 [30], semiflexible polymers with N, = C, can
exhibit stable craze drawing [28,29].

Addressing any of the above issues would require exten-
sive, careful follow-up studies that are beyond the scope of

the present effort, which aimed to formulate a “cartoon-level”
theory that is useful for understanding semiflexible polymer
glasses’ strain-hardening response and is consistent with the
spirit of modern scaling theories for semiflexible polymer
melts [19,20]. Addressing all of them (and in particular, the
first, second, and fourth issues, which are not tied to any
specific theoretical formulation) presents a challenge for the
glassy-polymer-mechanics community.
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